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Abstract

Weformulatetempotrackingin a Bayesiarframavork whereatempotraclker is modeledasastochas-
tic dynamicalsystem.Thetempois modeledasa hiddenstatevariableof the systemandis estimated
by a Kalmanfilter. The Kalmanfilter operateson a Tempgram a wavelet-like multiscaleexpansion
of arealperformanceAn importantadwantageof our approachs thatit is possibleto formulateboth
off-line or real-timealgorithms. The simulationresultson a systematicallycollectedsetof MIDI pi-
anoperformancesf YesterdayandMichelle by the Beatlesshavs accuratdrackingof approximately
%90 of thebeats.

1 Introduction

An importantandinterestingsubtaskn automaticmusictranscriptionis tempotracking: how to follow

the tempoin a performancehat containsexpressve timing and tempovariations. Whenthesetempo
fluctuationsarecorrectlyidentifiedit becomesnucheasierto separateéhe continuousexpressve timing

from thediscretenotecategories(i.e. quantization).The senseof temposeemsdo be carriedby the beats
andthustempotrackingis relatedto the studyof beatinduction,the perceptionof beatsor pulsewhile

listeningto music(seeDesainandHoning (1994)). However, it is still unclearwhatpreciselyconstitutes
tempoandhow it relatesto the perceptionof rhythmicalstructure. Tempois a perceptuatonstructand

cannotdirectly be measuredn a performance.

Thereis a significantbody of researchon the psychologicabndcomputationamodelingaspectof
tempotracking. Early work by Michon (1967)describes systematicstudy on the modelingof human
behavior in trackingtempofluctuationsin artificially constructedtimuli. Longuet-Higging1976) pro-
posesa musicalparserthat producesa metricalinterpretationof performedmusicwhile trackingtempo
changesKnowledgeaboutmeterhelpsthetempotracker to quantizea performance.

DesainandHoning(1991)describeaconnectionismodelof quantizationarelaxationnetwork based
on the principle of steeringadjacenttime intervals towardsinteger multiples. Here aswell, a tempo
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tracker helpsto arrive at a correctrhythmicalinterpretationof a performance.Both models,however,
have not beensystematicallytestedon empirical data. Still, quantizerscan play a importantrole in
addressinghe difficult problemof whatis a correcttempointerpretationby definingit asthe onethat
resultsin asimplerquantization(Cemgiletal., 2000).

Large and Jones(1999) describean empirical study on tempotracking, interpretingthe obsered
humanbehaior in termsof an oscillator model. A peculiarcharacteristicof this modelis thatit is
insensitve (or becomesso after enoughevidenceis gathered}o materialin betweenexpectedbeats,
suggestinghat the perceptiontempochangeis indifferentto eventsin this interval. Toiviainen(1999)
discussesomeproblemsregardingphaseadaptation.

Anotherclassof modelsmake useof prior knowledgein theform of anannotatedcore(Dannenbey,
1984;Vercoe,1984;VercoeandPuclette,1985). They matchthe known scoreto incomingperformance
data. VercoeandPuclette (1985) usesa statisticallearningalgorithmto train the systemwith multiple
performancesEvenwith thisinformationat handtempotrackingstaysa non-trivial problem.

More recentlyattemptsare madeto dealdirectly with the audio signal (Goto and Muraoka,1998;
Scheirer,1998) without using ary prior knowledge. However, thesemodelsassumeconstanttempo
(albeittiming fluctuationsmay be present) soarein factnottempotrackersbut beattrackers. Although
successfutor musicwith a steadybeat(e.g.,popularmusic),they reportproblemswith syncopatediata
(e.g.,reggaeor jazzmusic).

All tempotrack modelsassumeaninitial tempo(or beatlength)to be known to startup the tempo
trackingprocesge.g.,Longuet-Higging1976);LargeandJoneg1999). Thereis few researctaddressing
how to arrive at areasonabldirst estimate.Longuet-HigginsandLee (1982) proposea modelbasedon
scoredata,Scheirer(1998)onefor audiodata.A completemodelshouldincorporatebothaspects.

In this paperwe formulate a tempotrackingin a probabilisticframevork wherea tempotracker
is modeledas a stochastiadynamicalsystem. The tempois modeledasa hiddenstatevariableof the
systemandis estimatedoy Kalmanfiltering. The Kalmanfilter operateson a multiscalerepresentation
of a real performancewhich we call a Tempogram. In this respectthe tempogramis analogougo a
wavelet transform(Rioul and Vetterli, 1991). In the context of tempotracking, wavelet analysisand
relatedtechniquesrealreadyinvestigatedy variousresearcher§Smith,1999; Todd, 1994). A similar
combfilter basisis usedby Scheirer(1998). Thetempograms alsorelatedto the periodicity transform
proposedy SetharesindStaley (1999),but usesatimelocalizedbasis.Kalmanfiltersarealreadyapplied
in themusicdomainsuchaspolyphonicpitchtracking(Sterian,1999)andaudiorestorationGodsilland
Rayner,1998). From the modelingpoint of view, the framework discussedn this paperhasalsosome
resemblancéo thework of Sterian(1999),who views transcriptionasa modelbasedsegmentatiorof a
time-frequenyg image.

The outline of the paperis as follows: We first considerthe problemof tappingalong a “noisy”
metronomeand introducethe Kalmanfilter andits extensions. Subsequentlywe introducethe Tem-
pogramrepresentatiorio extract beatsfrom performancesnd discussthe probabilisticinterpretation.
We thendiscussparameteestimationissuesrom data. Finally we reportsimulationresultsof the sys-
temon a systematicallycollecteddataset,solo pianoperformancesf two Beatlessongs,Yesterdayand
Michelle.



2 Dynamical Systemsand the Kalman Filter

Mathematicallyadynamicakystems characterizetly asetof statevariablesandasetof statetransition
equationghatdescribehow statevariablesevolve with time. For example,a perfectmetronomecanbe
describedasa dynamicalsystemwith two statevariables:a beats anda period A. Giventhe valuesof
statevariablesat j — 1'th stepast;_; andAJ 1, thenext beatoccursat7; = 7;_; + A;_;. Theperiodof
a perfectmetronomeis constanso A; = A;_;. By usingvectornotationandby lettings; = [7;, A;]”
we canwrite alinear statetransitionmodelas
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Whentheinitial states, = [7o, AO]T is given,thesystemis fully specified.For exampleif themetronom
clicks ata tempo60 beatsperminute(A, = 1 sec.)andfirst click occursattime 7, = 0 sec.,next beats
occurat7; = 1, 7, = 2 e.t.c. Sincethemetronomis perfectthe periodstaysconstant.

Sucha deterministicmodelis not realisticfor naturalmusic performanceand can not be usedfor
trackingthe tempoin presencef tempofluctuationsand expressve timing deviations. Tempofluctua-
tionsmaybe modeledby introducinga noisetermthat“corrupts” the statevector

sj = Asj 1tV )

wherev is a Gaussiamandomvectorwith mean0 anddiagonalcovariancematrix Q, i.e. v ~ N(0, Q).
Thetempowill drift from theinitial tempoquickly if thevarianceof v is large. On the otherhandwhen
Q — 0, we have theconstantempocase.

In amusicperformancetheactualbeat? andtheperiodA cannotbeobseneddirectly. For example,
supposeanexpertdrummeris tappingalongaperformancatthebeatievel. If thetaskwouldberepeated
onthesamepiece wewould obsene eachtime aslightly differenttempotrack. As analternatve,suppose
we would know the scoreof the performanceandidentify onsetghat coincidewith the beat. However,
due to small scaleexpressve timing deviations, theseonsetswill be also noisy, i.e. we can at best
obsenre “noisy” versionsof actualbeats.We will denotethis noisybeatby 7 in contrasto theactualbut
unobserablebeatr. Mathematicallywe have

Tj = ’7A'j+Wj (3)

wherew; ~ N (0, R). Here,r; is thebeatat stepj thatwe getfrom a (noisy)obsenationprocesslin this
formulation,tempotrackingcorrespond$o the estimationof hiddenvariables?; givenobsenationsupto
j'th step.We notethatin a“blind” tempotrackingtask,i.e. whenthescoreis notknown, the (noisy)beat
7; cannot bedirectly obseredsincethereis no expertdrummerwho is tappingalong,neithera scoreto
guideus. The noisy-beaitself hasto be inducedfrom eventsin the music. In the next sectionwe will
presenttechniqueo estimatebothanoisybeatr; aswell anoisyperiodA; from arealperformance.

A randomvectorx is saidto be Gaussiawith meany andcovariancematrix P if it hasthe probability density
) 1
p(x) = [27P|7/ exp —5@ =) PNz - p)

In this casewe write x ~ A (u, P)



Equations2 and3 definea linear dynamicalsystembecauseall noisesareassumedo be Gaussian
andall relationshipdbetweervariablesarelinear Hence all statevectorss; have Gaussiaristributions.
A Gaussiardistribution is fully characterizedby its meanand covariancematrix andin the context of
lineardynamicalsystemsthesequantitiescanbe estimatedrery efficiently by a Kalmanfilter (Kalman,
1960;RoweisandGhahramanil999). The operationof thefilter is illustratedin Figurel.

2.1 Extensions

Thebasicmodelcanbe extendedn severaldirections.First, thelinearity constrainton the Kalmanfilter
canbe relaxed. Indeed,in tempotracking suchan extensionis necessaryo ensurethatthe period A is
alwayspositive. Thereforewe definethe statetransitionmodelin awarpedspacedefinedby the mapping
w = log, A. Thiswarpingalsoensureghe perceptuallynore plausibleassumptiorthattempochanges
arerelative ratherthanabsolute.For example,underthis warping,a deceleratiofrom A — 2A hasthe
samelikelihoodasanacceleratiorirom A — A/2.

The statespaces; canbe extendedwith additionaldynamicvariablesa;. Suchadditionalvariables
storeinformationaboutthe paststateg(e.g. in termsof acceleratiore.t.c.) andintroduceinertiato the
system.Inertiareducesherandomwalk behaior in the statespaceandrenderssmoothstatetrajectories
morelik ely. Moreover, this canresultin moreaccurategredictions.

The obsenation noisew; canbe modeledasa mixture of gaussiansThis choicehasthe following
rationale: To follow tempofluctuationsthe obsenation noisevarianceR shouldnot betoo “broad”. A
broadnoisecovariancendicateghatobsenationsarenotveryreliable,sothey havelesseffectto thestate
estimatesIn theextremecasevhenR — oo, all obsenationsarepracticallymissingsotheobsenations
have no effect on stateestimates.On the otherhand,a narrav R makesthe filter sensitve to outliers
sincethe samenoisecovariances usedregardlessof the distanceof anobsenationfrom its prediction.
Outlierscanbe explicitely modeledby usinga mixture of Gaussiansfor exampleone“narron” Gaus-
sianfor normaloperation,andone“broad” Gaussiarfor outliers. Sucha switchingmechanisntanbe
implementedy usinga discretevariablec; which indicateswhetherthe j'th obsenrationis anoutlier or
not. In otherwordswe usea differentnoisecovariancedependingiponthevalueof ¢;. Mathematically
we write this statemenasw;|c; ~ N(0, R.). Sincec; cannotbeobsered,we definea prior probability
¢; ~ p(c) andsumover all possiblesettingsof ¢;, i.e. p(w;) = chp(cj)p(wj\cj). In Figure2 we
comparea switchingKalmanfilter anda standardKalmanfilter. A switchvariablemakesa systemmore
robust againstoutliersand consequentlynorerealistic stateestimatesanbe obtained.For a review of
moregeneraklasse®f switchingKalmanfilters seeMurphy (1998).

To summerizethe dynamicalmodelof thetempotracker is givenby

fj = Aok 2 @)
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wherev; ~ N (0,Q), w;|c; ~ N(0,R.) ande; ~ p(c;). Wetake ¢; asabinarydiscreteswitchvariable.
Notethat,in Eq. 6 the obsenablespaces two dimensionalincludesboth+ andw), in contrastto one
dimensionabbsenabler in Figure2.

3 Tempogram Representation

In the previous section,we have assumedhatthe beatr; is obsered at eachstep;. In areal musical
situation,however, the beatcannot be obseneddirectly from performancelata. The sensatiorof a beat
emepgesfrom a collectionof eventsratherthan,say singleonsets.For example,a syncopatedhythm
inducesbeatswvhich do not neccesarlygoincidewith anonset.

In this sectionwe will definea probabilitydistributionwhich assigngrobabilitymasseso all possi-
ble beatinterpretationgjivena performanceThe Bayesiarformulationof this problemis

p(r,wlt) o p(t|r,w)p(r,w) (7)

wheret is anonsetlist. In this contect, a beatinterpretationis the tuple = (local beat)andw (local
log-period).

Thefirst term p(t|7,w) in EQ.7 is the probability of the onsetlist t given the tempotrack. Since
t is actuallyobsened, p(t|r,w) is a function of 7 andw andis thuscalledthe likelihoodof 7 andw.
The secondermp(7,w) in Eq.7is the prior distribution. The prior canbe viewed asa function which
weightsthe likelihood on the (7, w) space. It is reasonabléo assumethat the likelihood p(t|7, w) is
high when onsets[t;] in the performancecoincidewith the beatsof the tempotrack. To constructa
likelihoodfunctionhaving this propertywe proposea similarity measurdetweerthe performancenda
local constantempotrack. Firstwe definea continuougime signalz(t) = Zle G(t—t;) wherewetake
G(t) = exp(—t*/202), aGaussiarfunctionwith variances2. We represenalocaltempotrackasapulse
trainy(t;m,w) = > v and(t —7 —m2¥) wheredj(t — to) is a Dirac deltafunction,whichrepresents
animpulselocatedatt,. Thecoeficientsa,, arepositive constantsuchthat) = «., is aconstant(See
Figure3). In real-timeapplicationswherecausaknalysiss desirable,,, canbe setto zerofor m > 0.
Whena,, is asequencef form «,,, = o™, where0 < a < 1, onehastheinfinite impulserespons€lIR)
combfilters usedby Scheirer(1998) which we adopthere. We definethe tempagram of z(¢) at each
(1,w) astheinnerproduct

Tay(r,w) = / dt 2(t)p(t: 7, w) (8)

Thetempogranrepresentatiosanbe interpretedasthe responsef a combfilter bankandis analogous
to a multiscalerepresentatioite.g. the wavelettransform),wherer andw correspondo transitionand
scalingparametergRioul andVetterli, 1991;Kronland-Martinet,1988).

Thetempogranparametersiave simpleinterpretationsThefilter coeficient o adjustthetime local-
ity of basisfunctions.Whena — 1, basisfunctionsy extendto infinity andlocality is lost. For « — 0
the basisdegenerate$o a single Dirac pulseandthetempogramis effectively equalto z(¢) for all w and
thusgivesno informationaboutthelocal period.



Thevarianceparametet, correspondso theamountof smallscaleexpressve deviationin anonsets
timing. If o, would be large, the tempograngets“smeared-out’and all beatinterpretationdbecome
almostequallylikely. Wheno, — 0, we getavery “spiky” tempogramywheremostbeatinterpretations
have zeroprobability.

In Figure4 we shav atempogranobtainedirom a simpleonsetsequenceWe definethelikelihood
asp(t|r,w) x exp(Tg. (7, w)). Whencombinedwith theprior, thetempograngivesanestimateof lik ely
beatinterpretationgr, w).

4 Mode Training

In this sectionwe review thetechniquegor parameteestimation First, we summerizeherelationships
amongvariablesby usinga a graphical model A graphicalmodelis a directedagyclic graph,where
nodesrepresenvariablesand missingdirectedlinks representonditionalindependenceelations. The

distributionsthatwe have specifiedsofararesummarizedn Tablel.

Model Distribution | Parameters
StateTransition(Eg.5) p(Sj+1s5) A Q
(Switching)Obsenration (Eq.6) | p(1;,wj|s;, ¢;) R,
Switchprior (Eq. 6) p(cj) De
Tempogran(Eg.8) p(t|7j,w;) Oz, @

Tablel: Summaryof conditionaldistributionsandtheir parameters.

Theresultinggraphicalmodelis shavn in Figure5. For examplethe graphicalmodelhasa directed
link froms; to s;; to encodep(s;|s;). Otherlinks towardss;; aremissing.

In principle, we could jointly optimizeall modelparametersHowever, suchan approachwould be
computationallyery intensve. Instead atthe expenseof gettinga suboptimalsolution,we will assume
thatwe obsene the noisy tempotrack 7;. This obsenation effectively “decouples”the modelinto two
parts(SeeFig. 5), (i) TheKalmanFilter (StatetransitionmodelandObsenation(Switch) model)and(ii)
TempogramWe will train eachpartseparately

4.1 Estimation of 7; from performance data

In our studies,a scoreis alwaysavailable,sowe extractr; from a performance by matchingthe notes
thatcoincidewith thebeat(quartemote)level andthebar(wholenote).If therearemorethenonenoteon
abeat,we take themedianof theonsettimes.? For eachperformancewe computew; = log,(7j+1 — 7;)

from the extractednoisy beats|7;]. We denotethe resultingtempotrack {7, w; ...7;,w;...7;,w;} as
{5, wis}

2Thescoregdo not have noteson eachbeat.We interpolatemissingbeatsby usinga switchingKalmanfilter with parame-
tersQ = diag([0.01%,0.05%]), R; = 0.01%, Ry = 0.3%, A = 1 andp(c) = [0.999, 0.001].




4.2 Estimation of statetransition parameters

We estimatethe statetransitionmodelparameterd\ andQ by an EM algorithm(GhahramanandHin-
ton, 1996) which learnsa linear dynamicsin the w space.The EM algorithmmonotonicallyincreases
p({7.7,w1.7}), i.e. thelikelihoodof the obsenedtempotrack. Putanothemway, the parametersA and
Q areadjustedn suchaway that, at eachj, the probability of the obsenationis maximizedunderthe
predictive distribution p(7;, w;|7;—1, wj_1, . .. 71, w1 ). Thelikelihoodis simply the hight of the predictive
distribution evaluatedat the obseration (SeeFigurel).

4.3 Estimation of switch parameters

The obsenation modelis a Gaussiammixture with diagonalR,. and prior probability p.. We could
estimateR,. andp. jointly with the statetransitionparameterA andQ. However, thenthe noisemodel
would be totally independentrom the tempogranrepresentationlnstead the obsenation noisemodel
shouldreflectthe uncertaintyin thetempogramfor examplethe expectedamountof deviationsin (7, w)
estimateslueto spurioudocal maxima.To estimatehe“tempogrammoise”by standardEM methodsywe
samplefrom thetempogranmaroundeach(7;, @;], i.e. we sampler; andw; from the posteriordistribution
p(T5, w;|T5, @5, t; Q) o p(t|7, w;)p(T;, wi| 7, @j; Q). Notethat[7;, ;] areestimatediuringthe E stepof
the EM algorithmwhenfinding theparameterd\ andQ.

4.4 Estimation of Tempogram parameters

We have alreadydefinedthe tempogramas a likelihood p(t |7, w; 8) where# denotesthe tempogram
parameterge.g.6 = {«, 0, }). If we assume uniform prior p(r, w) thenthe posteriorprobabilitycanbe
written as

p(t|7, w; 6)
p(t|0)
wherethe normalizationconstants givenby p(t|0) = [ drdwp(t|7,w;6). Now, we canestimatetem-

pogramparameterg by a maximumlik elihoodapproach.We write the log-likelihoodof an obsered
tempotrack{r.s,wq.;} as

p(T,wlt; 0) = (9)

log p({1:, wi.s }t50) =Y _log p(75, wjlt; 0) (10)

J

Notethatthe quantityin Equation10is afunctionof the parameterg. If we have k tempotracksin the
datasetthe completedatalog-likelihoodis simply the sumof all individual log-likelihoods.i.e.

L= Z log p({71.7, w1} |t%; @, 03) (11)
k

wheret* is the k’th performancend{r.;, w;.; }* is the correspondingempotrack.



5 Evaluation

Many tempotrackersdescribedn the introductionare often testedwith ad hoc examples.However, to

validatetempotrackingmodels,moresystematicataandrigoroustestingis necessaryA tempotracker

canbe evaluatedby systematicallymodulatingthe tempoof the data,for instanceby applyinginstanta-
neousor graduakempochangesandcomparinghe modelsresponse humanbehaior (Michon, 1967,
Dannenbay, 1993). Anotherapproachs to evaluatetempotrackerson a systematicallycollectedsetof

naturaldata,monitoringpianoperformances which the useof expressive tempochangeis free. This

type of datahasthe adwvantageof reflectingthe type of dataone expectsautomatednusictranscription
systemgo dealwith. Thelatterapproactwasadoptedn this study

5.1 Data

For the experiment12 pianistswereinvited to play arrangementsf two Beatlessongs,Michelle and
Yesterday Both pieceshave a relatively simple rhythmic structurewith ampleopportunityto add ex-

pressvenesdy fluctuatingthetempo.The subjectsconsistedf four professionajazz players(PJ),four

professionatlassicaperformergPC)andfour amateurclassicapianists(AC). Eacharrangementadto

be playedin threetempoconditions,threerepetitionspertempocondition. The tempoconditionswere
normal,slow andfasttempo(all in a musicallyrealisticrangeandall accordingto the judgmentof the
performer). We presentherethe resultsfor twelve subjecty12 subjectsx 3 tempi x 3 repetitionsx 2

pieces= 216 performances)The performancesvererecordedon a YamahaDisklavier ProMIDI grand
pianousing OpcodeVision. To be ableto derve tempomeasurementelatedto the musicalstructure
(e.g., beat,bar) the performancesvere matchedwith the MIDI scoresusing the structurematcherof

Heijink etal. (2000)availablein POCO(Honing,1990). This MIDI datawill be madeavailableat URL

http://ww. ni ci.kun. nl / nmm(underthe headingDownload).

5.2 Kalman Filter Training results

We usethe performance®f Michelle asthe training setand Yesterdayasthe testset. To find the ap-
propriatefilter order(Dimensionalityof s) we trainedKalmanfilters of several orderson two rhythmic
levels: thebeat(quartemote)level andthebar(wholenote)level. Figure6 shovsthetrainingandtesting
resultsasafunctionof filter order

Extendingthefilter order i.e. increasinghethe sizeof the statespacdooselycorrespondso using
pastflook more into the past. At bar level, using higher order filters merely resultsin overfitting as
indicatedby decreasindestlikelihood. In contrast,on the beatlevel, thelikelihoodon the testsetalso
increasesmndhasa jump aroundorderof 7. Effectively, this ordercorresponds$o a memorywhich can
store stateinformationfrom the pasttwo bars. In otherwords, tempofluctuationsat beatlevel have
somestructurethata higherdimensionaktatetransitionmodelcanmake useof to producemoreaccurate
predictions.



5.3 Tempogram Training Results

We usea tempogrammodelwith afirst orderllR combbasis. This choiceleavestwo free parameters
that needto be estimatedrom data,namelyc«, the coeficient of the combfilter and o, the width of
the Gaussiarwindow. We obtain optimal parametewvaluesby maximizationof the log-likelihoodin
Equationll onthe Michelle datasetTheresultinglikelihoodsurfaceis shovn in Figure7. The optimal
parameterareshovnin Table2.

l | o | oo |
Non-Causal 0.55 | 0.017
Causal 0.73 | 0.023

Table2: Optimaltempogranparameters.

5.4 Initialization

To have a fully automatedempotracker, theinitial states, hasto be estimatedrom dataaswell. In
the trackingexperimentswe have initialized the filter to the beatlevel by computinga tempogranfor
thefirst 5 secondf eachperformance By assuminga flat prior on 7 andw we computethe posterior
mawginal p(w[t) = [ drp(w, |t). Notethatthis is operationis just equivalentto summationalongthe
7 dimensionof the tempogram(SeeFigure 4). For the Beatlesdatasetwe have obsened that for all
performance®f a givenpiece,the mostlikely log-periodw* = arg max,, p(w|t) correspondsiwaysto
the samelevel, i.e. thew™* estimatewas always consistent.For “Michelle”, this level is the beatlevel
andfor “Y esterday'the half-beat(eighthnote)level. The latter piecebegins with an arpeaygio of eight
notes;basedon onsetinformationonly, andwithout arny otherprior knowledge,half-beatlevel is alsoa
reasonableolution. For “Y esterday” to testthe trackingperformanceye correctedthe estimateto the
beatlevel.

We couldestimater* usingasimilar procedurehowever sinceall performances ourdatasetstarted
“on thebeat”,we have chosenr* = t;, thefirst onsetof the piece.All theotherstatevariablesa, areset
to zero.We have chosera broadinitial statecovarianceF, = 9Q.

5.5 Evaluation of tempo tracking performance

We evaluatedthe accurag of the tempotrackingperformanceof the completemodel. The accurag of
tempotrackingis measuredy usingthefollowing criterion:
_ >oimax; WY — ty)

p(,t) = T+7)2 x 100

where[y;] ¢ = 1...I is the tamget (true) tempotrackand[t;] j = 1...J is the estimatedtempo
track. W is a window function. In the following resultswe have useda Gaussiarwindow function
W (d) = exp(—d?/202). Thewidth of thewindow is choseraso, = 0.04 secwhichcorrespondsoughly



to the spreadf onsetdrom their mechanicameangluring performancef shortrhythms(Cemgiletal.,
2000).

It canbe checledthat0 < p < 100 andp = 100 if andonly if ¢ = t. Intuitively, this measure
is similar to a normalizedinnerproduct(asin the tempograncalculation);the differenceis in the max
operatowhich merelyavoids doublecounting. For example,if thetargetis ¢ = [0, 1, 2] andwe have
t = [0, 0, 0], theordinaryinnerproductwould still give p = 100 while only onebeatis correct(t = 0).
The proposedneasuragyivesp = 33 in this case. The trackingindex p canbe roughly interpretedas
percentag®f “correct” beats.For example,p = 90 effectively meanghatabout90 percentof estimated
beatsarein the nearvicinity of theirtargets.

5.6 Reaults

To testthe relative relevanceof modelcomponentsye designedan experimentwherewe evaluatethe
tempotracking performancainderdifferentconditions. We have variedthe filter orderandenabledor
disabledswitching. For this purpose we trainedtwo filters, onewith a large (10) andonewith a small
(2) statespacedimensionon beatlevel (usingthe Michelle dataset).We have testedeachmodelwith
both causaland non-causatempograms.To testwhethera tempograms at all necessarywe propose
a simpleonset-onlymeasuremennodel. In this alternatve model,the next obsenationis takenasthe
nearesbnsetto the Kalmanfilter prediction.In casethereareno onsetan 1o intenval of the prediction,
we declarethe obsenationasmissing(Notethatthisis animplicit switchingmechanism).

In Table 3 we shawv the tracking resultsaveragedover all performancesn the Yesterdaydataset.
The estimatedtempotracksare obtainedby using a non-causatempogramand Kalman filtering. In
this case,Kalman smoothedestimatesare not significantly different. The resultssuggestthat for the
Yesterdaydataseta higherorderfilter or a (binary) switchingmechanisndoesnotimprove thetracking
performanceHowever, presencef atempogrammakesthetrackingperformancéothmoreaccurateand
consisten{notethe lower standarddeviations). As a “baseline” performanceriteria, we alsocompute
thebestconstantempotrack (by alinearregressiorto estimatedempotracks).In this casetheaverage
trackingindex obtainedfrom a constantempoapproximations ratherpoor (p = 28 + 18), confirming
thatthereis indeeda needfor tempotracking.

Filter order | Switching || tempogram| notempogram
10 + 9247 75 + 21
2 + 91+9 75+ 21
10 - 91+6 73+ 21
2 - 90+9 73 +22

Table 3: Averagetracking performancep andstandarddeviationson Yesterdaydatasetisinga non-causatem-
pogram. + denotesthe casewhenwe have the switch prior p(c) = [0.8, 0.2]. — denotesthe absencef a
switching,i.e. thecasewhenp(c) = [1, 0].

We have repeatedhe sameexperimentwith a causatempogramandcomputedhe trackingperfor
mancefor predicted,filtered and smoothedestimatedn Table 4 we show the resultsfor a switching



Kalmanfilter. The resultswithout switchingare not significantly different. As onewould expect,the
tracking index with predictedestimateds lower. In contrastto a non-causatempogram,smoothing
improvesthetempotrackingandresultsin a comparablgerformancesa non-causalempogram.

causal
Filter order || predicted| filtered | smoothed
10 74+12 | 86+9 | 91+8
2 73+12 | 85+8 | 90+8

Table4: Averagetrackingperformance on YesterdaydatasetFiguresindicatetrackingindex p followed by the
standarddeviation. The label“non-causal’refersto a tempograncalculatedusingnon-causatombfilters. The
labelspredictedfilteredandsmoothedeferto stateestimate®btainedoy the Kalmanfilter/smoother

Naturally, the performanceof the tracker dependn the amountof tempovariationsintroducedby
theperformer For example thetempotracker fails consistentlyfor a subjectwhotendsto usequitesome
tempovariatiort.

We find that the tempotracking performanceas not significantly differentamongdifferentgroups
(Table5). However, whenwe considerthe predictions,we seethat the performance®f professional
classicabianistsarelesspredictable For differenttempoconditions(Table6) theresultsarealsosimilar.
As onewould expect,for slower performancesthe predictionsarelessaccurate.This might have two
potentialreasonsFirst, the performanceriteria p is independentf the absoluteempo,i.e. thewindow
W is alwaysfixed. Secondfor slower performanceshereis moreroomfor addingexpression.

non-causal causal
SubjectGroup filtered predicted\ filtered \ smoothed|| Bestconst.
Prof. Jazz 95+3 8147 92+4 94+3 34 + 22
AmateurClassical|| 92+ 8 T4+7 88+ 5 92+4 24 +19
Prof. Classical 89+ 7 66 +14 | 82+ 11 | 86+ 11 27 +£12

Table5: TrackingAverageson subjectgroups.As areferencethe right mostcolumnshaws the resultsobtained
by the bestconstantempotrack. Thelabel“non-causalrefersto atempogranctalculatedusingnon-causatomb
filters. Thelabelspredictedfilteredandsmoothedeferto stateestimate®btainedby the Kalmanfilter/smoother

non-causal causal
Condition filtered predicted\ filtered \ smoothed| Bestconst.
fast 94+ 5 79+9 90 + 6 93+ 6 39 + 21
normal 92 +8 74+9 88 + 6 92+4 25 + 13
slow 90+7 68+14 | 84+10| 87+11 21 +14

Table6: TrackingAveragentempoconditions.As areferencetheright mostcolumnshavs theresultsobtained
by the bestconstantempotrack. Thelabel“hon-causalrefersto atempograntalculatedusingnon-causatomb
filters. Thelabelspredictedfilteredandsmoothedeferto stateestimate®btainedby the Kalmanfilter/smoother

3This subjectclaimedto have never heardthe Beatlessongsbefore.



6 Discussion and Conclusions

In this paper we have formulateda tempotrackingmodelin a probabilisticframevork. The proposed
model consistof a dynamicalsystem(a Kalman Filter) and a measurementodel (Tempogram).Al-
thoughmary of themethodgroposedn theliteraturecanbeviewedasparticularchoicesof adynamical
modelanda measuremenmnodel,a Bayesiarformulationexhibits severaladvantagesn contrasto other
modelsfor tempotracking. First, componentsn our model have naturalprobabilisticinterpretations.
An importantandvery practicalconsequencef suchaninterpretations thatuncertaintiesanbe easily
guantifiedandintegratedinto the system.Moreover, all desiredquantitiescanbe inferred consistently
For exampleoncewe quantify the distribution of tempodeviationsandexpressve timing, the actualbe-
havior of the tempotracker arisesautomaticallyfrom thesea-priori assumptionsThis is in contrastto
othermodelswhereonehasto inventad-hocmethodgo avoid undesiredr unexpectedbehaior onreal
data.

Additionally, prior knowledge(suchassmoothnessonstraintan the statetransitionmodelandthe
particularchoiceof measurememnodel)areexplicit andcanbe changedvhenneededFor example the
samestatetransitionmodel canbe usedfor both audioand MIDI; only the measuremeninodelneeds
to be elaborated.Anotheradvantageis that, for a large classof relatedmodelsefficient inferenceand
learningalgorithmsarewell understoodGhahramanandHinton, 1996). Thisis appealingsincewe can
traintempotrackerswith differentpropertiesautomaticallyfrom data.Indeed we have demonstratethat
all modelparametersanbe estimatedrom experimentaldata.

We haveinvestigatedereralpotentialdirectionsin whichthebasicdynamicaimodelcanbeimproved
or simplified. We have testedthe relative relevanceof the filter order switchingandthe tempogram
representationn a systematicallycollectedsetof naturaldata. The datasetonsistof polyphonicpiano
performance®f two Beatlessongs(Yesterdayand Michelle) andcontainsa lot of tempofluctuationas
indicatedby the poorconstantempofits.

Thetestresultson the Beatlesdatasesuggesthat usinga high orderfilter doesnot improve tempo
trackingperformance.Althougbeatlevel filters capturesomestructurein tempodeviations(andhence
cangeneratenoreaccuratgredictions)thisadditionalprecisionseemgo benotveryimportantin tempo
tracking. This indifferencemaybe dueto thefactthattrainingcriteria(maximumlik elihood)andtesting
criteria (trackingindex), whilst related,are not identical. However, one canimaginescenariosvhere
accuratepredictionis crucial. An examplewould be a real-timeaccompanimensituation,wherethe
applicationneeddo generateventsfor the next bar.

Testresultsalso indicate that a simple switching mechanismis not very useful. It seemsthat a
tempogramalreadygives a robust local estimateof likely beatand tempovaluesso the correctbeat
canunambiguouslyeidentified. Theindifferenceof switchingcouldaswell beanartifactof thedataset
which lacksextensve syncopationsNeverthelessthe switchingnoisemodelcanfurther be elaborated
to replacethetempogranby arhythmquantizefCemagiletal., 2000).

To testthe relevanceof the proposedempogranrepresentatiomn tracking performanceve have
comparedt to asimpler, onsetbasedalternatve. Theresultsindicatethatin the onset-onlycase track-
ing performancesignificantlydecreasesuggestinghata tempograms animportantcomponenbf the



system.

It mustbe notedthatthe choiceof a combbasissetfor tempograntalculationis ratherarbitrary In
principle, one could formulatea “richer” tempogrammodel, for exampleby including parametershat
control the shapeof basisfunctions. The parameter®f sucha model can similarly be optimizedby
likelihoodmaximizationon targettempotracks.Unfortunately suchanoptimization(e.g. with ageneric
techniquesuchas gradientdescentyequiresthe computationof a tempogramat eachstepandis thus
computationallyquite expensve. Moreover, a modelwith mary adjustablegparametersnight eventually
overfit.

We have alsodemonstratethatthe modelcanbe usedbothonline (filtering) andoffline (smoothing).
Online processings necessaryor real time applicationssuchasautomaticaccompanimendnd offline
processings desirableor transcriptionapplications.
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(8) The algorithm starts with (b) The beat is obsered at (c) Onthebasisof currentstatea
the initial state estimate 7, The state is updated to new prediction N (pa1, Popy) is
N(pjo, Prjg)-  In presenceof N(paj1, Pyj1) accordingto the made,

no evidencethis state estimate new evidence.Note thatthe un-

givesrise to a predictionin the certainty“shrinks”,

obsenabler space,

{. A% Je Q Qo 00
(d) Stepsare repeateduntil all (e) Filtered estimates are
evidenceis processedo obtain updated by backtracking to
filtered estimates\V (u;;, Pjj;). obtain  smoothed estimates
j=1...N.InthiscaseN = 3. N (i, Pin) (Kalman
smoothing).

Figure 1. Operationof the Kalman Filter and Smoother The systemis given by Equations2 and 3. In each
subfigure the above coordinatesystemrepresentshe hiddenstatespace7, A]T andthebelav coordinatesystem
representheobserablespacer. In thehiddenspacethex andy axesrepresenthephaser periodA of thetracler.

Theellipseandits centercorrespondo the covarianceandthe meanof the hiddenstateestimatep(s;|r, ... 1) =

/\/’(uﬂk,Pj‘k) wherey;;, and P;;, denotethe estimatedneanand covariancegiven obserationsr; ... 7. In the
obserablespacetheverticalaxisrepresentshe predictve probabilitydistribution p(7;|7;—1 ... 71).
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(a) Basedon the stateestimate
N (p2j2, P2j2) the next state
is predicted as N (us)2, Ps)2)-

When propagatedthrough the
measuremeninodel, we obtain
(73|72, 1), Which is a mixture
of Gaussianavhere the mixing

coeficientsaregivenby p(c),

(b) The obsenation 73 is way
off the meanof the prediction,
i.e. it is highly likely an out-
lier.  Only the broad Gaus-
sian is active, which reflects
the fact that the obsenations
are expectedto be very noisy.
Consequentlythe updatedstate
estimate N (ug3j3, P5j3) is not
much different then its predic-
tion NV (usj3, P53). However,
the uncertaintyin the next pre-
diction N (43, Pyj3) will be
higher,

(c) After all obsenationsareob-

tained, the smoothedestimates
N ()4, P;j4) areobtained.The

estimatedstatetrajectoryshowvs

that the obsenation 3 is cor

rectlyinterpretedasanoutlier.

VAN

(d) In contrastto the switch-
ing Kalman filter, the ordi-
nary Kalman filter is sensitve
againstoutliers. In contrastto
(b), the updatedstate estimate
N (us)3, P3j3) is way off thepre-
diction.

(e)Consequentlavery“jumpy”

state trajectory is estimated.

Thisis simply dueto thefactthat
the obsenation model doesnot
accountfor presencef outliers.

Figure2: Comparisorof a standardKalmanfilter with a switchingKalmanfilter.



Figure 3: TempogramCalculation. The continuoussignal z(¢) is obtainedfrom the onsetlist by corvolution
with a Gaussiarfunction. Below, threedifferentbasisfunctionssy areshovn. All arelocalizedat the samer and
differentw. Thetempogramat (7, w) is calculatedby takingthe inner productof z(¢) and(¢; 7,w). Dueto the
sparsenatureof the basisfunctions,theinnerproductoperationcanbeimplementedrery efficiently.

Figure4: A simplerhythmandits Tempogram.z andy axescorrespondo 7 andw respectiely. The bottom
figure shavs the onsetsequencétriangles). Assumingflat priorson 7 andw, the curve alongthe w axisis the
maginal p(w|t) o< [ d7 exp(Tgx(T,w)). We notethatp(w|t) haspeaksatw, which correspondo quarter eight
andsixteenthnotelevel aswell asdottedquarterandhalf notelevels of the original notation. This distribution can
be usedto estimateareasonablénitial state.
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Figure6: KalmankFilter training. Training Set: Michelle, TestSet: Yesterday
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Figure7: Log-likelihoodsurfaceof tempogranparameters and on Michelle dataset.



